Abstract. Let g = g0 ⊕ g1 be the queer Lie superalgebra and let L be a finitedimensional non-trivial irreducible g-module. Restricting the g-action on L to g0, we show that the space of g0-invariants L g0 is trivial. As a consequence we establish a conjecture first formulated by Gorelik, Grantcharov and Mazorchuk on the triviality of the supercharacter of irreducible g-modules in the case when the modules are finite dimensional.
Introduction
Let g = g0 ⊕g1 be the queer Lie superalgebra. Let b be its standard Borel subalgebra and h = h0⊕h1 be its standard Cartan subalgebra (see Section 2.1). We denote by O the BGG category of U (b)-locally finite, h0-semisimple, finitely generated U (g)-modules. Unless otherwise stated, the morphisms in O are all (not necessarily even) morphisms.
For an object M = M0 ⊕ M1 in O and µ ∈ h * 0 , let
stand for its µ-weight space. Thus, we have the weight space decomposition:
The character and supercharacter of M are chM = µ∈h * 0 dim M µ e µ , schM =
In [GG2] Grantcharov and Gorelik also credit Mazorchuk for this conjecture, so we refer to this conjecture as the Grantcharov-Gorelik-Mazorchuk conjecture. An aim of this paper is to prove the following. Theorem 1.2. Let L(λ) be the finite-dimensional irreducible module in O of highest weight λ. Suppose that λ = 0. Then schL(λ) = 0.
As every finite-dimensional g-module is completely reducible over g0, we immediately have the following corollary of Theorem 1.2. A problem related to Conjecture 1.1 turns out to be the following: Let L(λ) be as above. We can restrict the action of g on L(λ) to its even subalgebra g0 ∼ = gl(n) and consider L(λ) as a gl(n)-module. A main result in this article is the following. Theorem 1.4. Let λ = 0 and let L(λ) be the finite-dimensional irreducible g-module of highest weight λ, which we regard as a g0 = gl(n)-module. Then the trivial g0-module does not appear as a composition factor of L(λ).
In Section 3 we prove Theorem 1.4 using the combinatorics of Brundan's KazhdanLusztig theory for finite-dimensional integer weight modules of the queer Lie superalgebras [Br] . Also, as we shall see in Proposition 3.2, Theorem 1.4 indeed implies Theorem 1.2. However, we shall see in Remark 3.8 that an analogous result as Theorem 1.4 does not hold for infinite-dimensional L(λ) in general, although it does hold for all but a finite number of irreducible modules (see Proposition 3.5). This in turn settles Conjecture 1.1 for all but a finite number of irreducible modules in the BGG category O.
Notation. We use N, Z and Z + to denote the sets of natural numbers, integers, and non-negative integers, respectively. Here and below we let m, n ∈ Z + and set I(m|n) := {−m, −m + 1, . . . , −1} ∪ {1, 2, . . . , n}.
The category with the same objects as the BCC category O, but with only even morphisms is denoted by O0. The Grothendieck group of O will be denoted by K(O), etc.
Let C be a category of modules. For an object M of finite length and an irreducible object L, we shall use [M : L] to denote the number of composition factors of M that are isomorphic to L in C.
Preliminaries
Besides setting up additional notations, in this section, we shall recall some basic results on the queer Lie superalgebra and its representation theory along with its connection with symmetric functions. To be more specific, we shall recall cohomological induction suitably adapted to the queer Lie superalgebra and Brundan's Kazhdan-Lusztig theory for the queer Lie superalgebra in Section 2.2 and 2.4, respectively. Schur P -Laurent polynomials are recalled in Section 2.3 together with their q(n)-representation-theoretical interpretation.
2.1. The queer Lie superalgebra. Let C m|n be the complex superspace of superdimension (m|n) and let gl(m|n) be the general linear Lie superalgebra of linear transformations on C m|n . Choosing homogeneous ordered bases {v −m , . . . , v −1 } and {v 1 , . . . , v n } for C m|0 and C 0|n , respectively, we may realize gl(m|n) as (m + n) × (m + n) complex matrices of the form
where A, B, C and D are respectively m × m, m × n, n × m, and n × n matrices. Let E a,b be the elementary matrix in gl(m|n) with (a, b)-entry 1 and all other entries 0, where a, b ∈ I(m|n).
For m = n, the subspace
forms a subalgebra of gl(n|n) called the queer Lie superalgebra.
The set {e ij ,ē ij |1 ≤ i, j ≤ n} is a linear basis for g, where e ij = E −n−1+i,−n−1+j +E i,j andē ij = E −n−1+i,j + E i,−n−1+j . The even subalgebra g0 is spanned by {e ij |1 ≤ i, j ≤ n}, and hence is isomorphic to the general linear Lie algebra gl(n). The odd subspace g1 is isomorphic to the adjoint module.
Let h = h0 ⊕ h1 be the standard Cartan subalgebra of g, with linear bases {e ii |1 ≤ i ≤ n} and {ē ii |1 ≤ i ≤ n} of h0 and h1, respectively. Let {δ i |1 ≤ i ≤ n} be the basis of h * 0 dual to {e ii |1 ≤ i ≤ n}. We define a symmetric bilinear form (, ) on h * 0 by (δ i , δ j ) = δ ij , for 1 ≤ i, j ≤ n.
We denote by Φ the set of roots of g and by Φ + the set of positive roots in its standard Borel subalgebra b = b0 ⊕ b1, which consists of matrices of the form (2.2) with A and B upper triangular. We have Φ + = {δ i − δ j |1 ≤ i < j ≤ n}. The root space g α has super-dimension (1|1), for all α ∈ Φ. Set
The Weyl group of g is the Weyl group of the reductive Lie algebra g0, which is the symmetric group S n in n letters. It acts naturally on h * 0 by permutation of the δ i s. For
, and consider the symmetric bilinear form on h * 1 defined by ·, · λ := λ([·, ·]). Let ℓ(λ) be the number of i's with λ i = 0. Let h ′1 be a maximal isotropic subspace of h1 associated to ·, · λ . Put h ′ = h0 ⊕ h ′1 . Let Cv λ be the one-dimensional h ′ -module of even parity with action defined by
is an irreducible h-module of dimension 2 ⌈ℓ(λ)/2⌉ (see, e.g., [CW, Section 1.5 .4]), where here and below ⌈·⌉ is the ceiling function. We let ∆(λ) := Ind g b I λ be the Verma module, where I λ is extended to a b-module in a trivial way, and define L(λ) to be the unique irreducible quotient of ∆(λ). Note that ∆(λ) and L(λ) are unique up to g-isomorphisms in O.
For λ ∈ h * 0 , let χ λ denote its central character (see, e.g., [CW, Section 2.3 .1]). Let λ, µ ∈ h * 0 . We have χ λ = χ µ , if and only if there exist w ∈ S n and {α 1 , . . . , α s } ⊆ Φ + with (α i , α j ) = 0, for i = j, and complex numbers
where (λ, α i ) = 0, for all i = 1, . . . , s [Sv1] (see also [CW, Theorem 2.48] . We write λ µ, if χ λ = χ µ and λ − µ ∈ α∈Φ + Z + α.
Let Π be the parity-reversing functor. Then I λ ∼ = ΠI λ in O0 if and only if ℓ(λ) is odd, and hence ∆(λ) ∼ = Π∆(λ) in O0 if and only if ℓ(λ) is odd.
Below we will often deal with g0-modules as well. In these occasions we shall use an upper-script 0 to denote the corresponding gl(n)-modules. For example, ∆ 0 (λ) and L 0 (λ) denote the g0-Verma and irreducible module of highest weight λ ∈ h * 0 with respect to the Borel subalgebra b0, respectively.
2.2. Dual Zuckerman functor. Let b ⊆ p ⊆ g be parabolic subalgebras with corresponding Levi subalgebras h ⊆ l ⊆ g, respectively. Let HC(g, l0) be the category of gmodules that are direct sums of finite-dimensional simple l0-modules, and let HC(g, g0) be defined similarly. Let L g,l be the dual Zuckerman functor from HC(g, l0) to HC(g, g0) as in [San, Section 4] , which is a right exact functor. For i ≥ 0, we denote by L g,l i its ith derived functor. For M ∈ HC(g, l0), we let
be the Euler characteristic of M , which we regard as a virtual g-module.
By the same arguments as in [San, Sections 4 and 5] , one establishes the following.
Proposition 2.1. Let λ ∈ h * 0 be such that the irreducible l-module L(l, λ) with highest weight λ is finite dimensional so that M := Ind g p L(l, λ) ∈ HC(g, l0).
, where Φ + (l) denotes the set of positive roots of the queer Lie superalgebra l and
Define the set of dominant weights to be
be the set of integer weights and let
be the set of dominant integer weights. For an element λ ∈ Λ + Z we suppose that it is of the form:
Let l(λ) = h+q(k−l) be the maximal Levi subalgebra of g such that I λ can be extended to an l(λ)-module. Observe that q(k − l) acts trivially on I λ . Set ρ l = 1 2
We compute the Euler characateristic of Ind g p L(l(λ), λ) using Proposition 2.1(4):
e α/2 + e −α/2 e α/2 − e −α/2
where in the last identity we have used the Weyl character formula for the trivial gl(k − l)-module.
Below we shall simplify the notation for E g,l (Ind
2.3. Symmetric functions. For µ a generalized partition of length n, the Schur Laurent polynomial associated to µ is defined to be
Recall that chL 0 (µ) = s µ , where we put e δ i := x i , for all 1 ≤ i ≤ n.
Recall further that for λ ∈ Λ + Z the Schur P -Laurent polynomial in x 1 , . . . , x n associated to λ is defined by
where S n /S λ denotes the set of the minimal length left coset representatives of the stabilizer subgroup S λ of λ in S n .
Identifying x i with e δ i we conclude by comparing (2.3) with (2.4) the following. Recall the Weyl denominator identity w∈Sn (−1) ℓ(w) e w(ρ) = α∈Φ + e α/2 − e −α/2 , which in turn implies that
Hence we get by the Weyl character formula the well-known identity:
Now let λ ∈ Λ + Z be such that all the λ i s in λ ∈ Λ + Z are distinct. In this case we have S λ = {e} and furthermore λ − ρ is a generalized partition and hence we have 6) where in the second equality above we have made use of (2.5).
Since the Schur Laurent polynomials form a basis for the space of symmetric Laurent polynomials, for any λ ∈ Λ + Z , we can write
where the sum is over all generalized partitions µ of length n. When λ is a strict partition, P λ is a symmetric polynomial, and in this case in the sum on the right hand side of (2.7) the non-zero summands are necessarily all Schur polynomials. Furthermore, in this case it is known that g µλ ∈ Z + [St, Theorem 9.3(b) ]. Indeed, it follows from [Br] that in general the coefficients g µλ in (2.7) lie in Z + as well. We shall see this in Remark 2.4 below.
Brundan's irreducible character formula. Let
For each 1 ≤ s ≤ p we define the set I s and the integer k s inductively as follows: If λ is > 0, then let k s be the smallest positive integer such that k s > λ is and k s ∈ I s−1 . Define I s := I s−1 ∪ {k s }. If λ is = 0, let k s and k ′ s be the two smallest positive integers such that k s , k ′ s > λ is and k s , k ′ s ∈ I s−1 . In the case when n − ℓ(λ) is even, we let k s < k ′ s , while in the case n − ℓ(λ) is odd, we let k ′ s < k s . Define I s :
The following is the Main Theorem in [Br] .
where the summation is over λ ∈ Λ + Z such that there exists a θ λ ∈ Z p 2 with R θ λ (λ) = µ and d µλ = 2
Remark 2.4. According to Theorem 2.3 the d µλ s are always non-negative. Now restricting the g-action on L(λ) to g0, we can express the character of L(λ) as a non-negative integral linear combination of Schur Laurent polynomials. Finally, using Proposition 2.2 we see that the coefficients g µλ in (2.7) have representation-theoretical interpretation and hence they are always non-negative integers.
3. Proofs of Theorems 1.2 and 1.4
The goal of this section is to establish the Gorelik-Grantcharov-Mazorchuk conjecture in the case when the module is finite dimensional. We start by studying the supercharacters of Verma modules. Proof. We have ch∆(λ) = α∈Φ + (1+e −α ) α∈Φ + (1−e −α ) dim I λ , and thus
Now, the lemma follows, because dim (I λ )0 = dim (I λ )1, for λ = 0.
and also Π(∆(λ)) ∼ = ∆(λ) in O0. Thus, we have the following identity in K(O0):
where a µλ , b µλ ∈ Z. The sum above is an infinite sum in general; however, for fixed ν ∈ h * 0 and fixed ǫ ∈ Z 2 such that (L(λ) ǫ ) ν = 0 there are only finitely many µs such that (∆(µ) ǫ ) ν = 0 with a µλ = 0 and only finitely many µs such that (Π∆(µ) ǫ ) ν = 0 with b µλ = 0 and ℓ(µ) even. By Lemma 3.1, we have
Now if λ 0, then a 0λ = b 0λ = 0, and hence schL(λ) = 0.
We have the following immediate corollary.
Thus, Conjecture 1.1 is reduced to the case of λ ∈ Λ Z .
Proposition 3.4. Let {L(λ) : L 0 (µ)} and {L(λ) : ΠL 0 (µ)} denote the number of composition factors in L(λ) isomorphic to the irreducible gl(n)-module L 0 (µ) of even and odd parity, respectively. Suppose that
Then we have the following identity in the Grothendieck group of the category of g0-modules:
By Proposition 3.2 we have schL(λ) = µ (d µλ − e µλ )chL 0 (µ) ∈ Z. Since {chL 0 (µ)|µ ∈ h * 0 } is linearly independent, it follows that d µλ = e µλ , for µ = 0. Thus, schL(λ) = d 0λ − e 0λ . Lemma 3.5. Let λ ∈ h * 0 such that λ = α∈I α, for any subset I ⊆ Φ + . Then in the category of g0-modules we have
In particular, schL(λ) = 0.
Proof. It suffices to prove that in the category of g0-modules we have ∆(λ) : L 0 (0) = 0, for λ as in the assumption of the lemma. For µ ∈ h * 0 recall that ∆ 0 (µ) denotes the g0-Verma module of b0-highest weight µ.
We compute
Now 0 is a dominant g0-weight. Hence, in order for L 0 (0) to appear as a composition factor in the g0-Verma module ∆ 0 (λ − α∈I α) we must have λ − α∈I α = 0, and thus λ = α∈I α. The lemma follows.
From Lemma 3.5 it follows that, for any fixed n, Conjecture 1.1 holds for all but (possibly) a finite number of irreducible modules. Indeed, it was stated in [GG2] that Conjecture 1.1 has been checked for all but finitely many irreducible modules, however, the set of those irreducibles for which the conjecture may fail was not given in [GG2] .
Recall ρ = 1 2 α∈Φ + α and we have 2ρ =
Note that all the coefficients of 2ρ are distinct.
Lemma 3.6. Let λ ∈ Λ + Z be such that all λ i s are distinct, and write P λ = µ g µλ s µ .
Then we have g 0λ = 0, if λ = 2ρ,
Proof. Since all the λ i s are distinct, λ − ρ is a gl(n)-dominant weight, and we have by (2.6)
Now −w 0 ρ = ρ, where w 0 is the longest element in S n , and hence
Thus, in order for g 0λ = 0, we need to have ρ = λ − ρ by Schur's lemma, and hence λ = 2ρ, in which case g 0,2ρ = 1. Proof. By Theorem 2.3 we have
where the sum is over all µs such that there exists θ µ with R θµ (µ) = λ. Taking characters we get by Proposition 2.2
We can find a θ such that R θ (ν) = λ with all the λ i s distinct. Then [L(ν)] appears on the right-hand side of (3.1) as a non-zero summand. Now, if 0 ν, then 0 λ, and hence we have λ = 2ρ. By Lemma 3.6 and Remark 2.4 the trivial gl(n)-module L 0 (0) does not appear as a composition factor of L(µ) for any of the µs in (3.1). Thus, in particular L 0 (0) does not appear in L(ν) and hence L(ν) : L 0 (0) = 0.
We are now in a position to prove Theorem 1.4, which then together with Proposition 3.4 implies Theorem 1.2. 
